Abstract. The study of Whittaker models for representations of reductive groups over local and global fields has become a central tool in representation theory and the theory of automorphic forms. However, only generic representations have Whittaker models. In order to encompass other representations, one attaches a degenerate (or a generalized) Whittaker model WO, or a Fourier coefficient in the global case, to any nilpotent orbit.
forms (via their Fourier coefficients), and has found important applications in both areas. See for example [GK75, Sha74, NPS73, Kos78, CHM00] for Whittaker models and [Kaw85, Yam86, Wall88, MW87, Mat87, Gin06, Jia07, GRS11, Gin14, GZ14, JLS16, CFGK] for degenerate and generalized Whittaker models and Fourier coefficients.
In this note we survey some classical results and some recent work on degenerate and generalized Whittaker models and Fourier coefficients, including some recent results of the authors obtained in collaboration with R. Gomez and others.
Let F be either R or a finite extension of Q p , and let G be a finite central extension of the group of F -points of a connected reductive algebraic group defined over F 1 . Let Rep ∞ (G) denote the category of smooth representations of G (see §1.1 below). Let g denote the Lie algebra of G and g * denote its dual space. To every coadjoint nilpotent orbit O ⊂ g * and every π ∈ Rep ∞ (G) we associate a certain generalized Whittaker quotient π O (see §2.1 below). Let WO(π) denote the set of all nilpotent orbits O with π O = 0 and WS(π) denote the set of maximal orbits in WO(π) with respect to the closure ordering. We call WS(π) the Whittaker support of π.
Denote by M(G) the category of admissible (finitely-generated) representations (see §1.1 below). For π ∈ M(G), and a nilpotent orbit O ⊂ g * , [How74, HC77, BV80] define a coefficient c O (π) using the asymptotics of the character of π at 1 ∈ G (see §4 below). Denote by WF(π) the set of maximal elements in the set of orbits with non-zero coefficients. For nonArchimedean F this set coincides with WS(π).
Theorem A ([MW87, Proposition I.11, Theorem I.16 and Corollary I.17], and [Var14] ). Assume that F is non-Archimedean and G is algebraic 2 and let π ∈ M(G). Then
(i) WF(π) = WS(π).
(ii) For any O ∈ WF(π), c O (π) = dim π O .
We conjecture that the same holds for Archimedean F . In §4 we define the wave-front set WF(π), sketch the proof of Theorem A and survey some partial results in the Archimedean case, based on [GW80, Mat87, Mat90a, GGS17, GGS, GSS18].
The next question that arises is what orbits can appear in Whittaker supports of representations. Based on the Kirillov orbit method one may conjecture that they are all admissible. This notion has to do with splitting of a certain metaplectic double cover of the centralizer G ϕ for any ϕ in the orbit (see §3.1 below). Based on the Langlands correspondence it makes sense to conjecture that if G is algebraic then these orbits are special in the sense of Lusztig ([Lus79] , [Spa82, Ch. III]). More precisely, an orbit is said to be special if the corresponding orbit over the algebraic closure is special. For non-Archimedean F these conjectures might hold, but for Archimedean F they do not. For example, the minimal orbit of G 2 (R) is not special and appears in WS(π) for some irreducible unitary π by [Vog94] . Also, the minimal orbit of U (2, 1) is non-admissible and appears in WS(π) for some π. On the positive side, the following holds for all F . [Moe96, GRS99, Gin06, JLS16] ). Let π ∈ Rep ∞ (G) and let O ∈ WS(π). Then O is a quasi-admissible orbit (see §3.1 below).
Theorem B ([GGS, Theorem A], following
Also, for non-Archimedean F and any π ∈ Rep ∞ (G 2 (F )) all O ∈ WS(π) are special by [JLS16, LS08] .
Let us summarize the relations between the above notions for classical groups.
Theorem C ( [GGS, §6] , based on [Moe96, Nev99, Oht91a] ). Let O ⊂ g * be a nilpotent orbit. 1 We view complex reductive groups as a special case of real reductive groups.
2 It seems that the assumption that G is algebraic is not used in the proof.
(i) If G is GL n (F ) or SL n (F ) then all orbits are admissible and special.
(ii) If G is U (V ) or SU (V ) for a hermitian space V then all orbits are quasi-admissible and special. If F = R then they are all admissible. (iii) If G if either Sp 2n (F ), or O(V ) or SO(V ) (for a quadratic space V over F ), then the following are equivalent:
If F is non-Archimedean and G is a classical group not listed above then all orbits are admissible.
It is possible that the notions of admissible and quasi-admissible are equivalent for all G in the case when F is non-archimedean. These notions differ for U (p, q) and for SU (p, q). They also differ for the split real forms of E 7 and E 8 , though we do not know whether the non-admissible quasi-admissible orbits appear in Whittaker supports of representations. It is also possible that all special orbits are quasi-admissible for all groups. If G is algebraic, F is Archimedean and π ∈ M(G) has integral infinitesimal character then all O ∈ WF(π) are special, cf. Under additional assumptions on π one can show that all the maximal orbits are Fdistinguished, i.e. do not intersect the Lie algebras of proper Levi F -subgroups of G.
(ii) If π is admissible and tempered, O ∈ WF(π) and either G is classical or F is Archimedean then O is F -distinguished.
Note that if G is semi-simple then O is F -distinguished if and only if all reductive subgroups of the centralizer of any element of O are compact. Thus, such orbits are sometimes called compact. In the Archimedean case, compact orbits were classified in [PT04] .
Over Archimedean fields, all the orbits in WF(π) lie in the same complex orbit by [Ros95, Theorem D] . This is conjectured to hold for p-adic F as well, but so far this conjecture is known only for the group GL n (F ) (see [MW87, §II.2] ). Over finite fields, an analogous result is proven in [Lus92] , as well as some analogues of Theorems A and B.
In [GZ14, LoMa15, Prz] it is shown that the Whittaker support and the wave-front set have the expected behaviour under θ-correspondence.
The behaviour of wave-front set under parabolic and cohomological induction is studied in [MW87, BB99, BV83b] (see §4.1 below).
In the non-Archimedean case, the functor π → π O is exact. We conjecture that the same holds in the Archimedean case, at least on the subcategory of admissible representations π with WO(π) lying in the closure of O. This is shown for principal nilpotent O in [CHM00] . For some partial results in this direction for other O see [Lyn79, Wall88, Mat90a, Wall88, AGSah15b, GGS17] .
One can define more general models and quotients. Namely, let S ∈ g such that the adjoint action of S is diagonalizable over Q, and let ϕ ∈ g * such that ad * (S)(ϕ) = −2ϕ. In §2.1 below we define a degenerate Whittaker model W S,ϕ , and define a degenerate Whittaker quotient of π to be the coinvariants π S,ϕ := (W S,ϕ ⊗ π) G . In §2.3 we discuss an epimorphism W O ։W S,ϕ constructed in [GGS17] , under the condition that the orbit O intersects the closure of the orbit of ϕ under the centralizer of S in G. The existence of this epimorphism sheds some light on the non-maximal orbits in WO(π). In particular, it is shown that for π ∈ Rep ∞ (GL n (F )), we have O ∈ WO(π) if and only if there exists an orbit O ′ ∈ WS(π) with O ⊂ O ′ . The analogous statement for other groups is not known in general. For π ∈ M(GL n (F )) we also have WS(π) = WF(π). Also, for O ∈ WS(π), the induced map π O ։π S,ϕ is non-zero and is an isomorphism for non-archimedean F . This fact is used in the proof of Theorems B and D(i).
Over the adeles one defines the Whittaker support using period integrals rather than quotients (see §2.2 below for more details). These period integrals are called Fourier coefficients.
We refer the reader to [Gin06] for some intriguing open questions on Fourier coefficients of automorphic forms. Most of the questions described above work analogously over the adeles. Let K be a global field, G be a reductive group defined over K, and π be an automorphic representation of the adelic points G := G(A).
(ii) If π is cuspidal then ϕ does not belong to the Lie algebra of any Levi subgroup of G(K) defined over K.
Assume that π is cuspidal and fix ϕ ∈ O. Then any Levi subgroup of the stabilizer of ϕ in G(K) is K-anisotropic. Moreover, assume that G is classical, and let λ be the partition corresponding to ϕ. Then
consists of odd parts only.
The study of Fourier coefficients of automorphic representations has applications in string theory, cf. [GMV15] and [FGKP, Ch. 2] . A special role is played by Fourier coefficients of minimal and next-to-minimal representations of the split simply laced groups SL(n), SO(5, 5), E 6 , E 7 , E 8 . In our work in progress [GGKPS] we aim to express any minimal next-to-minimal automorphic form for these groups through its Whittaker-Fourier coefficients, i.e. period integrals over the nilradical of a Borel subgroup of G against a character of this subgroup, following [MS12, AGKLP] . This is important since the latter integral is Eulerian. On the other hand, the analogous statement does not hold for Sp(4). We do not expect it to hold for higher symplectic groups either.
The ability to express automorphic forms through Whittaker-Fourier coefficients also implies that minimal and next-to-minimal representations cannot appear in the cuspidal spectrum. For split classical groups of rank bigger than 2 the latter follows from Theorem E(ii) and Corollary F.
The following table compares our notation to the notation of several papers regarding invariants of local and global representations.
Present paper
1.1. Notation. Let F be either R or a finite extension of Q p and let g be a reductive Lie algebra over F . We say that an element S ∈ g is rational semi-simple if its adjoint action on g is diagonalizable with eigenvalues in Q. For a rational semi-simple element S and a rational number r we denote by g S r the r-eigenspace of the adjoint action of S and by g S ≥r the sum r ′ ≥r g S r ′ . We will also use the notation (g * ) S r and (g * ) S ≥r for the corresponding grading and filtration of the dual Lie algebra g * . For X ∈ g or X ∈ g * we denote by g X the centralizer of X in g, and by G X the centralizer of X in G.
If (f, h, e) is an sl 2 -triple in g, we will say that e is a nil-positive element for h, f is a nilnegative element for h, and h is a neutral element for e. For a representation V of (f, h, e) we denote by V e the space spanned by the highest-weight vectors and by V f the space spanned by the lowest-weight vectors. We refer to [Bou75, §11] or [Kos59] for standard facts on sl 2 -triples. We will say that h ∈ g is a neutral element for ϕ ∈ g * if h can be completed to an sl 2 -triple (f, h, e) such that ϕ is given by the Killing form pairing with f . By the Jacobson-Morozov theorem such h exists and is unique up to conjugation by the centralizer of ϕ.
From now on we fix a non-trivial unitary additive character χ : F → S 1 such that if F = R we have χ(x) = exp(2πix) and if F is non-Archimedean the kernel of χ is the ring of integers. (1) For non-archimedean F we will work with l-groups, i.e. Hausdorff topological groups having a basis for the topology at the identity consisting of open compact subgroups. This generality includes F -points of algebraic groups defined over F , and their finite covers (see [BZ76] ).
For F = R we will work with affine Nash groups, i.e. Lie groups that are given in R n by semi-algebraic equations, as well as the graphs of their multiplication maps. This generality includes R-points of algebraic groups defined over R, and their finite covers (see [dCl91, AG08, Sun15, FS16] ). Notation 1.1. If G is an l-group, we denote by Rep ∞ (G) the category of smooth representations of G in complex vector spaces. For V, W ∈ Rep ∞ (G), V ⊗ W will denote the usual tensor product over C. We denote by M(G) ⊂ Rep ∞ (G) the subcategory consisting of representations of finite length.
If G is an affine Nash group, we denote by Rep ∞ (G) the category of smooth nuclear Fréchet representations of G of moderate growth. This is essentially the same definition as in [dCl91,  §1.4] with the additional assumption that the representation spaces are nuclear (see e.g. [Tre67, §50] ). For V, W ∈ Rep ∞ (G), V ⊗ W will denote the completed projective tensor product. We denote by M(G) ⊂ Rep ∞ (G) the subcategory consisting of admissible finitely generated representations, see [Wall92, Ch. 11 ]. This category is abelian, see [Wall92, Ch. 11] or [Cas89] .
For π ∈ Rep ∞ (G), denote by π G the space of coinvariants, i.e. quotient of π by the intersection of kernels of all G-invariant functionals. Explicitly,
where the closure is needed only for Archimedean F . In the latter case, for connected G we have π G = π/g C π which in turn is equal to the quotient of H 0 (g, π) by the closure of zero. If G is an affine Nash group, H ⊂ G a closed Nash subgroup and π ∈ Rep ∞ (H), we denote by ind G H (π) the Schwartz induction as in [dCl91, §2] . This induction has the expected properties of small induction, such as induction by stages and Frobenius reciprocity.
Degenerate Whittaker models and Fourier coefficients
2.1. Definitions. Let G be a finite central extension of the group G alg of F -points of a reductive algebraic group defined over F . Let G ad denote the corresponding adjoint algebraic group.
Lemma 2.1 ([MW95, Appendix I]). Let U ⊂ G alg be a unipotent subgroup, andÛ be the preimage of U in G. Then there exists a unique open subgroup U ′ ⊂Û that projects isomorphically onto U .
We will therefore identify the unipotent subgroups of G alg with their liftings in G.
Definition 2.2. Let W n denote the 2n-dimensional F -vector space (F n ) * ⊕ F n and let ω be the standard symplectic form on W n . The Heisenberg group H n is the algebraic group with underlying algebraic variety W n × F with the group law given by
Note that H 0 = F . Definition 2.3. Let χ be the additive character of F , as in (1). Extend χ trivially to a character of the commutative subgroup 0 ⊕ F n ⊕ F ⊂ H n . The oscillator representation ̟ χ is the unitary induction of χ from 0 ⊕ F n ⊕ F to H n . Define the smooth oscillator representation σ χ to be the space of smooth vectors in ̟ χ . One can show that σ χ = ind Hn 0⊕F n ⊕F (χ). Definition 2.4. (i) A Whittaker pair is an ordered pair (S, ϕ) such that S ∈ g is rational semi-simple, and ϕ ∈ (g * ) S −2 . Given such a Whittaker pair, we define the space of degenerate Whittaker models W S,ϕ in the following way: let u := g S ≥1 . Define an antisymmetric form ω ϕ on g by ω ϕ (X, Y ) := ϕ([X, Y ]). Let n be the radical of ω ϕ | u . Note that u, n are nilpotent subalgebras of g, and [u, u] ⊂ g S ≥2 ⊂ n. Let U := Exp(u) and N := Exp(n) be the corresponding nilpotent subgroups of G. Let n ′ := n ∩ Ker(ϕ),
. Assume now that ϕ is non-zero. Then U/N ′ has a natural structure of a Heisenberg group, and its center is N/N ′ . Let χ ϕ denote the unitary character of N/N ′ given by χ ϕ (exp(X)) := χ(ϕ(X)). Let σ ϕ denote the oscillator representation of U/N ′ with central character χ ϕ , and σ ′ ϕ denote its trivial lifting to U . Define (3)
(ii) For a nilpotent element ϕ ∈ g * , define the generalized Whittaker model W ϕ corresponding to ϕ to be W S,ϕ , where S is a neutral element for ϕ if ϕ = 0 and S = 0 if ϕ = 0. We will also call W S,ϕ neutral degenerate Whittaker model. Since all neutral elements for ϕ are conjugate by the centralizer of ϕ, W ϕ depends only on the coadjoint orbit of ϕ, and does not depend on the choice of S. Thus we will also use the notation W O for a nilpotent coadjoint orbit O ⊂ g * . See [GGS17, §5] for a formulation of this definition without choosing S. (iii) To π ∈ Rep ∞ (G) associate the degenerate and generalized Whittaker quotients by
Slightly different degenerate Whittaker models are considered in [GGS17] and denoted W S,ϕ (π). They relate to π S,ϕ by W S,ϕ (π) = π * S,ϕ .
2.2. Fourier coefficients. Let K be a number field and let A = A K be its ring of adeles. In this section we let χ be a non-trivial unitary character of A, which is trivial on K. Then χ defines an isomorphism between A andÂ via the map a → χ a , where χ a (b) = χ(ab) for all b ∈ A. This isomorphism restricts to an isomorphism
Given an algebraic group G defined over K we will denote its Lie algebra by g and we will denote the group of its adelic (resp. K-rational) points by G(A) (resp. G(K)). We will also define the Lie algebras g(A) and g(K) in a similar way. Given a Whittaker pair (S, ϕ) on g(K), we set u = g S ≥1 and n to be the radical of the form ω ϕ | u , where ω ϕ (X, Y ) = ϕ([X, Y ]), as before. Let U = exp u, and N = exp n. Define a character χ ϕ on U(A) by χ ϕ (exp X) = χ(ϕ(X)) and note that it is automorphic, i.e. trivial on U(K). Let G be a finite central extension of G(A), such that the cover G։G(A) splits over G(K). Fix a discrete subgroup Γ ⊂ G that projects isomorphically onto G(K). Note that U(A) has a canonical lifting into G, see e.g. [MW95, Appendix I].
Definition 2.5. Let (S, ϕ) be a Whittaker pair for g(K) and let U, N, and χ ϕ be as above. For an automorphic form f , we define its (S, ϕ)-Fourier coefficient to be
Observe that F S,ϕ defines a linear functional on the space of automorphic forms. For a subrepresentation π of the space of automorphic forms on G, we denote the restriction of F S,ϕ to π by F S,ϕ (π). We denote by WO(π) the set of G(K)-orbits of all ϕ ∈ g(K) with F ϕ (π) = 0, and by WS(π) the set of maximal orbits in WO(π). In [GGS17] , F S,ϕ is denoted WF S,ϕ .
Remark 2.6. (i) The set WS(π) depends on the embedding of π into the space of automorphic forms. Indeed, [GGJ02] construct an example of an automorphic representation of the split G 2 (A) that has a regular orbit in WS(π) for one embedding and does not for other embeddings. (ii) One can define abstract (degenerate) Whittaker quotients for automorphic representations, following Definition 2.4 redand [HS16, §5.2]. The non-vanishing of such a quotient follows from the non-vanishing of the corresponding Fourier coefficient (for some realization), but in general does not imply it. Indeed, [GS87] construct an automorphic cuspidal representation of the metaplectic double cover of SL 2 (A) that has an abstract Whittaker model corresponding to some non-zero nilpotent ϕ, but with vanishing F ϕ . One usually considers Fourier coefficients rather than abstract quotients since the former have number-theoretic and string theoretic applications. (iii) To the best of our knowledge, the Whittaker support and the non-vanishing of abstract quotients are the only ways to attach nilpotent orbits to automorphic representations. Some authors call the WO(π) the wave-front set just by definition.
2.3.
Comparison between different Whittaker pairs. We start with a corollary of the Stone-von-Neumann theorem. 
The previous results imply that the map f →f defines an isomorphism ind
The corresponding formula in [GGS17, Remark 3.2.2] has a typo. Example 2.10. Let us now give several examples for GL n (F ). We identify g with g * using the trace form. For 1 ≤ i, j ≤ n let E ij denote the corresponding elementary matrix. Let B denote the group of upper-triangular matrices and B ′ = [B, B] denote its unipotent radical.
(i) First, let n := 2. Then there are two nilpotent orbits: the zero one and the regular one. For a regular nilpotent ϕ ∈ g * , any corresponding degenerate Whittaker model is the classical Whittaker model, for any G. For the zero ϕ, there are always several choices. For example, we can always choose S = 0 and have U = L = {Id}. We can also choose S to be any rational semi-simple element. For GL 2 (F ) we can take S = diag(1, −1) and get U = L = B ′ . The corresponding Whittaker quotients are different both in the real and in the p-adic case. Indeed, π 0 = π always, while π S,0 is finite-dimensional redfor all admissible π of finite length. For non-Archimedean F and cuspidal π it even vanishes. (ii) Let us now take G = GL 3 (F ), and let ϕ := E 21 . Then we can take h := diag(1, −1, 0) and S := diag(2, 0, −2). Then (h, ϕ) is a neutral Whittaker pair, and (S, ϕ) is a Whittaker pair. For S we have L = U = B ′ and for h we can choose
, and let ϕ := E 21 + E 43 . Then we can take h := diag(1, −1, 1, −1) and S := diag(3, 1, −1, −3). Then (h, ϕ) is a neutral Whittaker pair, and (S, ϕ) is a Whittaker pair. For S we have L = U = B ′ and for h we have
Here we see a new phenomenon: this subalgebra does not lie in the Lie algebra of B ′ , and cannot be conjugated into it by the centralizer of ϕ. However, it is still possible to present the corresponding degenerate Whittaker model as a quotient of W ϕ , as we explain below.
Theorem 2.11 ([GGS17, Theorem A] and [GGS, Theorem D])
. Let (S, ϕ) be a Whittaker pair. Let G S ϕ denote the closure of the orbit of ϕ under the centralizer of S. Then (i) For any ψ ∈ G S ϕ there exists a natural surjection ν :
. Then π S,ϕ = 0. Moreover, if F is nonArchimedean then the epimorphism π ϕ ։π S,ϕ induced by ν is an isomorphism.
Remark 2.12. Let us comment on the Archimedean case of (ii). Already from Example 2.10(i) we see that π ϕ is not isomorphic to π S,ϕ in this case. We conjecture though that they will be isomorphic for unitary π. Also, in reda work in progress we will show that they will be isomorphic if we replace the usual quotients π h,ϕ and π S,ϕ by the inverse limits lim
where l is a maximal isotropic subalgebra of g h ≥1 (respectively g h ≥1 ) and l ϕ is the ideal of the universal enveloping algebra generated by l ⊗ ϕ.
Let us explain the construction of ν for the case ψ = ϕ. One can show that S can be presented as h + Z, where h is a neutral element for ϕ and Z commutes with h and centralizes ϕ. Consider a deformation S t = h+tZ, and denote by u t the sum of eigenspaces of ad(S t ) with eigenvalues at least 1. We call a rational number 0 < t < 1 regular if u t = u t+ε for any small enough rational ε, and critical otherwise. Note that there are finitely many critical numbers, and denote them by t 1 < · · · < t n . Denote also t 0 := 0 and t n+1 := 1. Choose a Lagrangian m ⊂ g Z 0 ∩ g S 1 . For each t we define two subalgebras l t , r t ⊂ u t by (10)
Both l t and r t are maximal isotropic subspaces with respect to the form ω ϕ , and thus the restrictions of ϕ to l t and r t define characters of these subalgebras. Let L t := Exp(l t ) and R t := Exp(r t ) denote the corresponding subgroups and χ ϕ denote their characters defined by ϕ. By Lemma 2.8 we have
We show that for any 0 ≤ i ≤ n, r t i ⊂ l t i+1 . This gives a natural epimorphism
Altogether, we get
Example 2.13. Let G := GL(4, F ) and let S be the diagonal matrix diag(3, 1, −1, −3). Identify g with g * using the trace form and let f := ϕ := E 21 + E 43 , where E ij are elementary matrices. Then we have S = h + Z with h = diag(1, −1, 1, −1) and Z = diag(2, 2, −2, −2). Thus S t = diag(1 + 2t, −1 + 2t, 1 − 2t, −1 − 2t) and the weights of S t are as follows:
The critical numbers are 1/4 and 3/4. For t ≥ 3/4, the degenerate Whittaker model W St,ϕ is the induction ind Let us now sketch the proof of part (ii) of Theorem 2.11. The sequence of epimorphisms (11) naturally defines a sequence of epimorphisms
We see that for each i, π St i+1 ,ϕ is the quotient of π St i ,ϕ by the group A i := L t i+1 /R t , that we show to be commutative. Using Fourier transform on this group, one shows that in order to prove the theorem it is enough to show that π St i ,ϕ is a non-generic representation of A i .
For that purpose we show that every unitary character of A i is given by some ϕ ′ ∈ g * with ad * (S t i+1 )ϕ ′ = −ϕ ′ such that ϕ ′ does not lie in the tangent space to O at ϕ. We then define a quasi-Whittaker quotient π St i+1 ,ϕ,ϕ ′ , and show that its dual is the space of (A i , χ ϕ ′ )-equivariant functionals on π St i ,ϕ . Then we generalize (13) to quasi-Whittaker quotients, construct some additional epimorphisms and deduce the vanishing of π St i+1 ,ϕ,ϕ ′ from the vanishing of
Let us now follow this argument in the setting of Example 2.13. Let π ∈ Rep ∞ (G) with Gϕ ∈ WS(π). The sequence of epimorphisms (13) is given by the sequence of inclusions (12). To see that these epimorphisms are non-zero (and are isomorphisms for F = R) we need to analyze the dual spaces to (g S 1/4 1 ) f and (g S 3/4 1 ) f . These spaces are spanned by E 13 + E 24 and by E 23 respectively. Thus, the dual spaces are spanned by E 31 +E 42 and by E 32 respectively. Note that the joint centralizer of h, Z and ϕ in G acts on these spaces by scalar multiplications, identifying all non-trivial elements. It is enough to show that π S 1/4 ,ϕ,E 31 +E 42 = 0 and π S 3/4 ,ϕ,E 32 = 0.
First assume by way of contradiction that π S 3/4 ,ϕ,E 32 = 0. Note that E 32 ∈ g S 1 −2 and that w 1 = 0. Thus u 1 = l 1 = r 3/4 and π S 1 ,ϕ+E 32 ≃ π S 3/4 ,ϕ,E 32 = 0.
Note that Φ := ϕ + E 32 = E 21 + E 43 + E 32 is a regular nilpotent element, and S 1 = S = diag(3, 1, −1, −3) is a neutral element for it. Thus π Φ = 0, contradicting the assumption that Φ is maximal in WS(π).
Now assume by way of contradiction that π S 1/4 ,ϕ,E 31 +E 42 = 0. Note that E 31 + E 42 ∈ g
and that w 1/2 = 0. Thus l 1/2 = u 1/2 = r 1/4 and π S 1/2 ,ϕ+E 31 +E 42 ≃ π S 1/4 ,ϕ,E 31 +E 42 = 0.
Note that Ψ := ϕ + E 31 + E 42 = E 21 + E 43 + E 31 + E 42 is a regular nilpotent element, and S 1/2 = diag(2, 0, 0, −2) is a neutral element for it. Thus π Ψ = 0, contradicting the assumption that G · ϕ is maximal in WO(π). One can deduce from Theorem 2.11 that for non-Archimedean F and quasi-cuspidal π ∈ Rep ∞ (G), the orbits in WS(π) are F -distinguished.
Sketch of proof of Theorem D(i). Let π be quasi-cuspidal and let O ∈ WS(π).
Suppose by way of contradiction that O is not F -distinguished. Thus there exists a proper parabolic subgroup P ⊂ G, a Levi subgroup L ⊂ P and a nilpotent f ∈ l such that ϕ ∈ O, where ϕ ∈ g * is given by the Killing form pairing with f . Let h be a neutral element for f in l. Choose a rational-semisimple element Z ∈ g such that L is the centralizer of Z, p := g Z ≥0 is the Lie algebra of P , and all the positive eigenvalues of Z are bigger than all the eigenvalues of h by at least 2. Note that n := g Z >0 is the nilradical of p. Let S := h + Z. By construction we have n ⊂ g S >2 and thus the degenerate Whittaker quotient π S,ϕ is a quotient of r P π. By Theorem 2.11, the maximality of O implies π S,ϕ ≃ π ϕ . Thus r P π does not vanish, in contradiction with the condition that π is quasi-cuspidal.
In the global case, we have the following analog of Theorem 2.11. (ii) If G(K)ϕ ∈ WS(π) then the functional F ϕ (π) can be obtained by a series of integral transforms from F S,ϕ (π).
To prove this analog, we argue in the same way, but replace Lemma 2.8 by an explicit integral transform, in the spirit of Remark 2.9.
This theorem can be generalized. Namely, for (ii) we show in [GGKPS] that if ϕ / ∈ WS(π) then F ϕ (π) can be obtained by a series of integral transforms from F S,ϕ (π) and from {F ψ | G(K)ψ ∈ WS(π)}. For (i) let γ = (e, h, f ) be an sl 2 -triple in g, let Z commute with γ and let f ′ ∈ g e ∩ g h+Z −2 . Let ϕ, ψ ∈ g * be given by Killing form pairings with f, f + f ′ respectively. We redshow in [GGS] that F ϕ (π) can be obtained by a series of integral transforms from F K+h,ψ (π). redWe deduce that for G = GL n , the set WO(π) is closed under the natural ordering on orbits.
2.4. The Slodowy slice. Let us define an important geometric notion used in several proofs in [GGS17, GGS] . For an sl 2 -triple (e, h, f ) in g, define the Slodowy slice at f to the orbit O of f to be the affine space f + g e . This space is strongly transversal to O. Indeed, the tangent
Quantizing the Slodowy slice one gets a finite W -algebra (see e.g. [PrSk02, GG02] ). The representation theory of finite W -algebras seems to be closely related to the theory of generalized Whittaker models over Archimedean fields.
3. Admissible and quasi-admissible orbits 3.1. Definitions. Let γ = (e, h, f ) be an sl 2 -triple in g and let ϕ ∈ g * be given by the Killing form pairing with f . Let G γ denote the joint centralizer of the three elements of γ. It is well known that G γ is a Levi subgroup of G ϕ . Recall that ϕ induces a non-degenerate symplectic form ω ϕ on g h 1 and note that G γ acts on g h 1 preserving the symplectic form. That is, there is a natural map G γ → Sp(g h 1 ) = Sp(ω ϕ ). Let Sp(ω ϕ ) → Sp(ω ϕ ) be the metaplectic double covering, and set
Observe that the natural map G γ → G γ defines a double cover of G γ . We denote by M γ the subgroup of G γ generated by the unipotent elements. Let M γ denote the preimage of M γ under the projection G γ → G γ . Note that different choices of γ with the same f lead to conjugate groups G γ and M γ . One can also define a covering G ϕ of the group G ϕ , using the symplectic form defined by ϕ on g/g ϕ . It is easy to see that this cover splits over the unipotent radical of G ϕ , and that the preimage of G γ in G ϕ is isomorphic to G γ , see e.g. [Nev99] .
Definition 3.1. Let H be a linear algebraic group defined over F , and fix an embedding H֒→ GL n . Denote by h the Lie algebra of H(F ) and by H 0 the open normal subgroup of H(F ) generated by the image of the exponential map h → H(F ).
Note that H 0 does not depend on the embedding of H into GL n . Note also that if H is semi-simple then H 0 = H(F ) and if F = R then H 0 is the connected component of H(F ) Nev99] ). We say that a nilpotent orbit O ⊂ g * is admissible if for some (equivalently, for any) choice of ϕ ∈ O, the covering G ϕ → G ϕ splits over (G ϕ ) 0 .
As observed in [Nev99] , this definition of admissibility is compatible with Duflo's original definition for the Archimedean case, given in [Duf80] .
Definition 3.3. We say that a nilpotent orbit O ⊂ g * is quasi-admissible if for some (equivalently, for any) ϕ ∈ O, the covering G ϕ → G ϕ admits a finite dimensional genuine representation, that is, a finite dimensional representation on which the non-trivial element ε in the preimage of 1 ∈ G ϕ acts by − Id.
Finally, let us remark that one can give a less restrictive definition of an admissible orbit by replacing the metaplectic cover of the symplectic group by the central extension by C × . Under this definition, the groups U (p, q) and SU (p, q) would split ( [Kaz77] ). It is possible that this definition of admissibility is equivalent to quasi-admissibility.
3.2.
On the proof of Theorem B. Let γ = (f, h, e) be an sl 2 -triple. Let ϕ ∈ g * be given by the Killing form pairing with f . Let us define the action of G γ on π ϕ . We will use the notation of Definition 2.4. Since the adjoint action of G γ preserves g h 1 and the symplectic form on it, it preserves U/N ′ . Since σ ϕ is the unique smooth irreducible representation of U/N ′ with central character χ ϕ , we have a projective action of G γ on σ ϕ . By [Wei64] this action lifts to a genuine representation of G γ . This gives raise to an action of G γ on W ϕ by (gf )(x) =g(f (g −1 x)). This action commutes with the action of G and thus defines an action of G γ on π ϕ = (W ϕ ⊗ π) G .
The technique described in §2.3 implies the following theorem.
Theorem 3.4 ([GGS, Theorem C])
. Let π ∈ Rep ∞ (G) and assume that G · ϕ ∈ WS(π). Then the action of M γ on π ϕ is locally finite.
Since the action of M γ on π ϕ is genuine, this theorem implies Theorem B after some geometric considerations.
4. Wave-front sets 4.1. Definition. Let π ∈ M(G). Let χ π be the character of π. It is a generalized function on G and it defines a generalized function ξ π on a neighborhood of zero in g n , by restriction to a neighborhood of 1 ∈ G and applying logarithm. In the non-Archimedean case ξ π is a combination of Fourier transforms of G-measures of nilpotent coadjoint orbits ([How74] , [HC77, p. 180] ). The measures extend to g * by [RR72] . In the Archimedean case, the leading term of the asymptotic expansion of ξ π near 0 is equal to such a linear combination [BV80, Theorems The behaviour of WF(π) under induction is studied in [MW87, BB99] . It corresponds to the induction of nilpotent orbits defined in [Spa82, §II.3] . Namely, let P ⊂ G be a parabolic subgroup and L be the reductive quotient of P . Let l and p denote the Lie algebras of L and P . Let O ⊂ l * ⊂ p * be a nilpotent orbit and letÔ be its preimage under the restriction map g * ։p * . A G-orbit O ′ ⊂ g is said to be induced from O ⊂ l if O ′ intersectsÔ by an open subset. All the induced orbits are conjugate over the algebraic closure of F .
The behaviour of WF(π) under cohomological induction is studied in [BV83b] . It follows from Theorem A and from [SV00] that for any O ∈ WF(π), c O is a natural number (at least for algebraic G). In the p-adic case it is shown in [Var14,
4.2. On the proof of Theorem A. We give a sketch of the proof, which closely follows [MW87, Var14] but also highlights some novel features suggested by [Say02] (cf. [AGSay15, §5.2]). This is part of ongoing joint work with E. Sayag, R. Gomez and A. Kemarsky.
Let (H, ϕ) be a Whittaker pair such that there exists a morphism ν : F × → G with d 1 ν(1) = H. Any neutral Whittaker pair has this property. Let O := G · ϕ. Let π ∈ M(G) and assume that (14) for any
It is enough to show that under this assumption we have dim W H,ϕ = c O .
Assume for simplicity that all the eigenvalues of ad(H) are even, and that ϕ = 0. The starting point of the proof is the technique of approximation of unipotent subgroups of G by open compact subgroups of G, as in Jacquet's proof of exactness of his parabolic reduction functors. More precisely, let U ⊂ G and χ ϕ be the nilpotent subgroup and its character constructed in Definition 2.4. Then [MW87, Var14] construct, following [How77, Rod75] , a descending sequence of open compact subgroups K n and their characters χ n such that K n is trivial, U ⊂ t n K n t −n , and for each n, and each u ∈ t n K n t −n ∩ U , χ ϕ (u) = χ n (t −n ut n ).
Let e n denote the Hecke algebra elements given by integration on K n versus the product of the Haar measure by χ n . For n big enough, K n lies in the image of the exponential map, and we consider the lifting exp * (e n ) to g and its Fourier transform F(exp * (e n )). Let p : g * \ {0} → P(g * ) denote the natural projection to the projective space. Let µ O denote the appropriately normalized G-invariant measure on O. The e n are constructed such that (a) F(exp * (e n )) is the characteristic function of an open compact subset
Let W n be the image of π(e n ) and W ′ n := π(t n )W n . By these properties, assumption (14) and the definitions of the character χ π and the wave-front set we have, for n big enough,
It is now left to prove that for n big enough, W ′ n projects isomorphically onto π H,ϕ . For this purpose it is shown that for n big enough, π(t n+1 e n+1 t −n−1 ) defines an embedding W ′ n ֒→W ′ n+1 , that is compatible with the projections to π H,ϕ , and that these projections are also embeddings.
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Since dim W ′ n = c O , the images of these embeddings coincide and have dimension c O . Since t n K n t −n "approximate" U , and χ n are compatible with χ ϕ , this image is the whole space π H,ϕ .
4.3. Archimedean case. In this subsection we fix G to be a real reductive group, and consider the relationship between wave-front set, Whittaker support, and several additional invariants. One of these invariants is the associated variety of the annihilator of π, that we call for brevity annihilator variety and denote V(π). It is defined for all π ∈ Rep ∞ (G), as the zero set in g * C of the ideal in the symmetric algebra S(g C ), which is generated by the symbols of the annihilator ideal of π in the universal enveloping algebra U (g C ). This invariant is more coarse than WF(π), as the following theorem shows. In particular, if G is a complex reductive group or G = GL n (R) we have WF(π) = V(π)∩g * . Thus, in these cases WF(π) consists of a single orbit for all irreducible admissible π. However, for G = SL 2 (R) this is not the case. Indeed, this group has two regular real nilpotent orbits. For irreducible principal series representations, WF is the union of these orbits, while for discrete series WF consists of one of these orbits.
Let us now discuss the relation of V(π) and WF(π) to WO(π). Let us now list several results in the other direction.
Theorem 4.3 ([Mat90a]).
Suppose that G is a complex reductive group and let π ∈ M(G) have regular infinitesimal character. Let (S, ϕ) be a Whittaker pair such that the orbit Gϕ lies in WF(π), and intersects the nilradical of the parabolic subgroup defined by S in a dense subset. Then 0 < dim π S,ϕ < ∞.
The result in [Mat90a] includes also the vanishing of the corresponding higher homologies. . Let G be quasi-split and algebraic, and let π ∈ M(G). Let (S, ϕ) be a Whittaker pair such that ϕ is a principal nilpotent element of a Levi subalgebra of g. Suppose ϕ ∈ WF(π). Then there exists g ∈ G C such that ad(g) preserves g and π ad(g)(S),ad(g)(ϕ) = 0. Moreover, for complex G and for G = GL n (R) we have π S,ϕ = 0.
The sets WF and WS coincide also for representations induced from finite-dimensional representations of parabolic subgroups, by [BB99, GSS18] . For further results on the equality of WF and WS see [GW80, Yam01, Prz91, Mat90b, Mat92] .
For GL n (F ) one can express π O through the Bernstein-Zelevinsky derivatives and their Archimedean analogs, see [BZ77, AGSah15a] for the definitions and [GGS17, Theorem E] for their relation to π O . This implies the following theorem, for all local fields F with charF = 0. This type of unique models also plays an important role in a family of Rankin-Selberg integrals that represent tensor product L-functions for classical groups (cf. [CFGK, CFGK2] ).
In [How81] , WF(π) is defined for any continuous representation π of any Lie group in a Hilbert space. By [How81, Theorem 1.8] and [Ros95, Theorem 3.4], this definition extends the one given above for reductive G and π ∈ M(G) (via realizing π as the space of smooth vectors in a Hilbert space representation). The equality of WF(π) to several other analytic invariants is proven in [Ros95, Theorem B] .
Let us add that for irreducible unitary representations of type I classical reductive groups, the Howe rank ( [How82] ) is determined by the maximal among the ranks of the matrices lying in the annihilator variety, by [He08] .
One can also attach to any smooth admissible representation π of a real reductive group G and to any maximal compact subgroup K ⊂ G an algebraic invariant: the associated variety of the module π (K) of K-finite vectors. This variety is a set of nilpotent K-orbits in k ⊥ ⊂ g * , with multiplicities, see [Vog91, Vog17] . The dimension of this variety equals the Gelfand-Kirillov dimension of π and is also equal to half of the dimension of the annihilator variety of π.
By [SV00], if G is algebraic then the maximal orbits in this set correspond to WF under the Kostant-Sekiguchi correspondence, and the multiplicities are equal to the coefficients c O . The Kostant-Sekiguchi correspondence maps K-orbits in k ⊥ to G-orbits in g * that lie in the same orbit of the complexification G C on g * C , preserving the closure order.
